Abstract-The use of drone base stations to provide wireless connectivity for ground terminals is becoming a promising part of future technologies. The design of such aerial networks is however different compared to cellular 2D networks, as antennas from the drones are looking down, and the channel model becomes height-dependent. In this paper, we study the effect of antenna patterns and height-dependent shadowing. We consider a random network topology to capture the effect of dynamic changes of the flying base stations. First we characterize the aggregate interference imposed by the cochannel neighboring drones. Then we derive the link coverage probability between a ground user and its associated drone base station. The result is used to obtain the optimum system parameters in terms of drones antenna beamwidth, density and altitude. We also derive the average LoS probability of the associated drone and show that it is a good approximation and simplification of the coverage probability in low altitudes up to 500 m according to the required signal-to-interference-plusnoise ratio (SINR).
I. INTRODUCTION
The demand of efficient ubiquitous high-speed communication networks is an essential requirement for future communications. Deploying new wireless networks faces different challenges such as spectrum scarcity, fixed location and the need to set up new infrastructure [1] . Another challenge is providing wireless connectivity to ground terminals when the existing terrestrial networks fail to operate or satisfy the demand of wireless connections [2] . The use of drone base stations is an alternative future technology that can provide wireless connectivity for ground users. Furthermore, the swiftness of drones deployments in an independent fashion of the legacy infrastructure highlights the privilege of running such systems. To this end, NASA is prototyping a drones traffic management technology to facilitate the use of multiple drones in a range of altitudes [3] .
Recently, people from research and academia highlighted the important performance benefits achieved by the use of drones as base stations. The drone base stations can deploy a flexible scalable network with robust links due to the high line-of-sight (LoS) probability between the drone and a ground terminal. The existing research analyzed the performance gain achieved from this on-the-fly solution assuming single drones and multiple drones [4] - [9] . In the single drone research studies, the altitude of a drone is optimized to balance between power and coverage requirements in [6] , [7] . The performance of multiple drone base stations is analyzed in [8] , [9] , where the effect of interference from neighboring drone base stations is analyzed. In [8] , multiple drone base stations are considered in a predefined topology to provide coverage for the ground terminals in downlink scenario, however only the interference coming from the nearest drone is taken into account. In [9] , the coverage probability for a fixed number of drones is analyzed without considering the effect of randomness in the number of drones, drones antenna pattern and the height-dependent shadowing.
In fact, most of the existing literature focus on the fixed network topology of drone base stations meaning that the number and location of the available drones are known a priori and remain unchanged. However, this snapshot is not always the same in practice due to the intrinsic mobile nature of the drones. Specifically, the continuing dynamic nature of this on-the-fly network results from different aspects such as smart design [10] , [11] , limited flying lifetime [12] and traffic management [3] . The drone network can be smartly designed to benefit from the drones mobility by tunning their positions according to the quality of service requirements [10] , [11] . As for the energy consumption, it depends on the drones trajectory of movement, the duration of communication, payload weight and the battery size, which allow a limited range of lifetime [12] . Therefore, the lifetime of a drone is random and compensation drones may be needed to support the service requirement of ground terminals. Taking these facts into account, the location and number of drone base stations are likely to change to allow other drones maneuver [3] . Fig. 1 . Downlink system between a drone and a ground UE. The connection is established with the closest drone and the rest conform a random field of interferers.
In this paper, we study the coverage probability performance of multiple drone base stations while considering flexible dynamic changes of this scalable on-the-fly network. To this end, and without a priori knowledge regarding the exact number and location of the available drones, we model the distribution of the drones by a Poisson point process (PPP). Moreover, we assume that the drones employ a directional antenna to reduce the aggregate interference and concentrate on the target regions. By taking into account the height-dependent shadowing effect, we characterize the aggregate interference and derive the link coverage probability which includes the impact of different system parameters such as drones antenna pattern. Then, we obtain an average LoS probability of the associated drone to a target ground terminal which gives us an insight into the existence of the optimum drones antenna beamwidth, density and altitude. We also show that the coverage probability is approximated well by the average LoS probability up to 500 m dependent on the signal-to-interference-plus-noise ratio (SINR) requirement. This approximation significantly reduces the complexity of the coverage probability expression.
The rest of this paper is organized as follows. In Section II the network model and drone association strategy is discussed. The network performance is analyzed in Section III. Section IV presents the numerical results. Finally, we conclude the paper in Section V.
II. NETWORK MODEL
In the following we describe the system structure in Section II-A, the channel model in Section II-B and the drone association method in Section II-C.
A. System Architecture
We consider a downlink communication system where ground user equipments (UEs) are served by drones acting as aerial base stations and providing wireless connectivity. We assume that the drone base stations are distributed according to a PPP of a fixed density λ and placed at a same altitude h. We also assume the drones employ directional antennas with the same beamwidth ϕ A pointed towards the ground whereas the ground UEs are equipped with omni-directional antennas. From the geometry of the network, the drones that only placed within a circular surface A centered at O above a UE will be able to reach this device within their main lobes. This region is seen by the UE with the angle of ϕ A as illustrated in Figure 1 . The distance from O to a drone and the link length between the UE and the drone are denoted respectively as r and d, while ϕ is the complement of the elevation angle that the drone makes with respect to the UE.
B. Channel Model
In order to model the wireless channel between a ground UE and a drone, the LoS and non-line-of-sight (NLoS) components are considered separately along with their probabilities of occurrence [13] . Following this model and considering that all drones transmit at the same power level P t , the received power at the UE from the LoS and NLoS components can be expressed as
where L f represents the free-space path loss (FSPL) and Ψ LoS and Ψ NLoS account for the excessive path loss and shadowing effects. Let us express the FSPL as
with f being the frequency of operation, c the speed of light, K f = (4πf /c) 2 for convenience of notation and finally d = h cos(ϕ) from Figure 1 . The terms Ψ LoS and Ψ NLoS follow a log-normal distribution
where µ LoS and µ NLoS describe the excessive path loss and are constant values depending on f and the propagation environment. As shown in [13] , σ LoS and σ NLoS describe the shadow fading in the links and can be expressed as
with parameters a LoS , b LoS , a NLoS and b NLoS being frequency and environment dependent. Moreover, the LoS probability is given by [13] 
where β 1 and β 2 are also frequency and environment dependent parameters and the NLoS probability is P NLoS = 1 − P LoS .
C. Drone Association and Link SINR
The same as a regular cellular networking, we assume that a UE connects to the closest drone base station [14] , where its angle with respect to the UE is a random variable represented by Φ c . Therefore, the connection link between the UE and the associated drone is interfered by all the other drone base stations. However, based on a combination of two reasons the effect of interfering drones outside of A can be neglected. The first reason is that for a fixed altitude h, increasing ϕ decreases the LoS probability [13] and also increases the link length d which lead to a relatively higher path loss. On the other hand, a directional antenna has a much lower gain outside its main lobe. Therefore, the received power from the interfering drones beyond A is significantly lower compared to the ones within the region.
Using the described channel model and considering P r,i as the received power from the ith interferer within A, the aggregate interference can be written as
where I indicates the set of interferers within A. In (6) I agg becomes a stochastic process due to the random nature of the contributions involved. Indeed, for every realization of the PPP the number, location and channel statistics of the interferers will be different. To the best of our knowledge, there is no closed-form expression for the probability density function (pdf) of I agg for such system model described above.
For this reason and in order to provide a tractable analysis for the network performance we characterize the aggregate interference I agg with its mean value µ Iagg . This will allow us to obtain closed-form expressions for the performance metrics of the considered system and investigate the impact of system parameters on the network performance. In order to do so, we are interested in the signal-to-interference-plusnoise ratio (SINR) of the communication link between a UE and its associated drone which can be written as follows
; for NLoS (7) where N 0 is the noise power.
III. PERFORMANCE ANALYSIS
In this section we elaborate on the network performance by adopting coverage probability as the performance metric. The coverage probability P cov of the link between a ground terminal and its associated drone is defined as
where P[E] is the probability of the event E, T is an SINR threshold and SINR is expressed in (7). To compute P cov , first we propose the following lemma which returns the mean aggregate interference.
Lemma 1. Given the relative location of the closest drone to a UE at Φ c = ϕ c , the mean aggregate interference µ Iagg (ϕ c ) is obtained as
where
and v = ln (10) 10 . Proof. The proof can be found in Appendix A.
Note that the mean aggregate interference µ Iagg (ϕ c ) is independent from h. To elaborate this, we note that from PPP assumption the average number of interferers is equal to
, which increases proportional to h 2 as h increases. On the other hand, using (1) and (2) the received power from each interferer decreases with the same rate. Therefore, the average cumulative interference remains the same at different altitudes. Moreover, the expression (9) shows that µ Iagg (ϕ c ) increases linearly with λ due to the fact that the average number of interferers linearly increases with λ. Also µ Iagg (ϕ c ) is higher for larger ϕ A as the number of drones within A increases with ϕ A for a fixed h and λ. Now using Lemma 1 the coverage probability can be found in the following theorem. Theorem 1. The coverage probability P cov of the communication link between a ground terminal and its associated drone can be expressed as
and ψ(ϕ c ) = 10 log 10
Proof. The coverage probability in (8) can be written as
where f Φc (ϕ c ) is the pdf of Φ c . Using the auxiliary random variable R c which represents the radius of the closest drone over A one finds
where the last equation comes from the fact that the null probability of the PPP in an area C is exp(−λ|C|). Using (13) we have
On the other hand, one obtains
Above, in (15a) the equation in (7) is used, (15b) follows from (3) and (5), and ψ(ϕ c ) is stated in (11c). Finally by using (11c), (12), (14), (15b) and Lemma 1 the desired result is attained.
According to Theorem 1, we observe first that ψ(ϕ c ) is a decreasing function of λ and h since µ Iagg (ϕ c ) and L f are respectively increasing function of λ and h in (11c). Since the Q-function is a decreasing function, and the exponential term in (11b) decreases with both λ and h, the function Υ cov decreases with an increase in both λ and h. In contrary, the first term in (11a) increases with the increase in λ and h. Therefore, these two opposite contributors finally suggest the existence of an optimum λ and h for maximum coverage probability which are numerically observed in the next section.
To investigate the impact of ϕ A on P cov , and since the coverage probability is directly influenced by the LoS probability, we derive the average LoS probability of a closest droneP 
Proof. The proof is given in Appendix B.
In the next section, we numerically show thatP (16) . Corollary 1 provides an insight into the existence of an optimum value for ϕ A . In fact,P c LoS and hence the coverage probability increases with an increase in ϕ A , however using Lemma 1 the interference also increases with ϕ A , reducing the coverage probability. Therefore, at some ϕ A one expects that the influence of these two contributors are balanced and the coverage probability reaches its maximum.
IV. NUMERICAL RESULTS
This section provides numerical results for the considered downlink system, in which the optimal configuration of h, λ and ϕ A is found. Unless otherwise stated, the following system parameters are used in the numerical results: P t = −6 dB, N 0 = −150 dB, λ = 5 × 10 −6 , ϕ A = 90
• , h = 500 m, T = -5 dB, f = 2 GHz, and Urban environment.
First, we study the coverage probability performance versus the altitude for different SINR thresholds in Figure  2 . Moreover, we study the behavior of the average LoS probability of the closest droneP c LoS and compare it with the coverage probability performance. We observe thatP c LoS is a good approximation of P cov at low altitudes. As the altitude increases so does the LoS probability of the closest drone, resulting in a better channel condition. However, the Fig. 3 . The coverage probability increases with λ until the number of interferers becomes too large and the SINR decreases. This effect is lower in more crowded environments due to higher NLoS probability, resulting in lower aggregate interference.
link length becomes longer while the aggregate interference remains the same, decreasing the SINR. These two effects balance each other at an optimum altitude, which maximizes the value of P cov . More restrictive values of the SINR threshold T translate into a faster decay of the coverage probability with altitude, limiting the range in which the approximation is valid. Figure 3 depicts the existence of the optimum density λ that maximizes the coverage probability. When the density of nodes is low the probability of the closest drone being placed closer to the UE is also low, resulting in a worse SINR and therefore lower coverage probability. However, this probability quickly increases with λ. This behavior is maintained until the number of interferers becomes too large and the SINR starts to degrade. When comparing different environments, one can see that more crowded scenarios result in lower coverage probability due to lower LoS probability of the links. On the other hand, this effect is beneficial when the number of drones becomes large, as the received aggregate interference is also lower.
Finally, we investigate the impact of antenna beamwidth on the coverage probability for different altitude in Figure  4 . When ϕ A is narrow, the closest drone may not be able to reach the UE. As ϕ A increases, the received power increases improving the coverage probability. With the further increase of ϕ A the aggregate interference increases since all drones have the same beamwidth, causing a degradation of the coverage probability. This behavior of the coverage probability shows the existence of an optimum antenna beamwidth ϕ A for different altitudes. drones as interferers, we derived the coverage probability of the corresponding link. Our analysis showed that the system parameters including the density of the drones, the altitude of the flying base stations and the beamwidth of their antennas influence the coverage probability significantly. Moreover, the analysis and numerical results proved that the coverage probability of such system can be well approximated by the average LoS probability of the closest drone at low altitudes up to 500 m. This approximation simplifies the large expression for the coverage probability and gives us an insight into the critical trading-off points of the system. In the future, we will consider the drone base stations coexisting with terrestrial networks and derive the coverage probability and optimum system parameters for such hybrid networks. Moreover, we will generalize the results for different network topologies using the stochastic tools.
APPENDIX A PROOF OF LEMMA 1 To characterize the mean aggregate interference we notice that given the location of the closest drone at Φ c = ϕ c over A the interfering drones are distributed according to PPP of the fixed density λ over a sub-region A c characterized by ϕ c ≤ ϕ ≤ ϕA 2 [15] , [16] . Therefore, by assuming that N , Φ and Ψ are random variables representing the number, location and channel statistic of the interferers, one sees
The received interfering powers P r,i are identical and assumed to be independent random variables (i.i.d.) with a same distribution denoted as P r . On the other hand, from the property of PPP N follows a Poisson distribution of the mean value λ|A c |. Therefore (18) can be re-written as
To compute E Φ,Ψ [P r ], first we evaluate the pdf of Φ denoted as g Φ (ϕ). To this end we note that
where r c corresponds to the closest drone and r = h tan(ϕ). Thus 
Now we have
where the last equation follows from the fact that using (3) 1/Ψ LoS adopts a log-normal distribution as 
Finally using (2), (5), (19), (21)-(24) the desired result is obtained.
APPENDIX B PROOF OF PROPOSITION 1
To obtain the average LoS probability of the closest dronē P 
where f Φc (ϕ) is the pdf of the closest drone's location over A obtained in (14) and P LoS is expressed in (5) . Therefore by using these equations in (25) the desired result is attained.
